Abstract Sprite streamers are bright atmospheric phenomena above thunderstorms powered by sufficiently high electric fields and free charges from inhomogeneities in the mesosphere or ionosphere. A common feature of recent simulations is that they model the streamer inception from spherical Gaussian electron-ion patches. We here tackle the following question: How do the streamer inception time and streamer properties depend on the initial geometry? Therefore, we consider prolate ("cigar") and oblate ("pancake") electron-ion patches aiming to understand the geometric influence on streamer inception speed, electric field evolution, branching time, and ohmic heating of streamers. We initiate patches of different geometry with fixed peak densities of 5 · 10 11 m −3 or with a fixed total electron number of 9.40 · 10 12 in ambient fields of 0.5 and 1.5 times the breakdown field and study the streamer evolution between 60 and 80 km altitude with a 2.5D cylindrical Monte Carlo particle code. We present the evolution of the electron density and of the electric field. In our simulations, the time for the electric field tips to develop into the regime where they can self sustain the discharge is shortest for streamers from prolate patches and longest for oblate patches. The branching time of negative fronts depends on the eccentricity and increases for oblate patches ranging from 5 to 8 s. We observe ohmic heating with maximum temperature differences up to tens of kelvins depending on the eccentricity and density of the initial patch influencing the efficiency of plasma reactions in streamer channels.
Introduction
Transient luminous events are luminous atmospheric phenomena extending several kilometers above thunderclouds and become manifest in sprites, blue jets, or gigantic jets (Celestin & Pasko, 2011; Cummer et al., 2006; Ebert & Sentman, 2008; Luque & Ebert, 2009; Lyons, 1996; Neubert, 2003; Pasko, 2007 Pasko, , 2008 Qin et al., 2012; Sentman et al., 1995; ) . Among these, sprite discharges form in the mesosphere and ionosphere, between approximately 60 and 90 km (see, e.g., Cummer et al., 2006; Stenbaek-Nielsen et al., 2013) . They consist of streamer discharges, channels with a quasi-neutral interior and with high electric fields at their tips. These discharges were first predicted by Wilson (1925) . Electrostatic fields are generated by the removal of charge through positive cloud-to-ground lightning (+CG) and decrease with altitude as h −3 while the breakdown field changes as exp (−h∕H) where H is the scale height; thus, there is an intersection altitude where the ambient field generated by charge removal exceeds the breakdown field making it possible for sprite streamers to develop and grow. Sprites were first reported by Vaughan and Vonnegut (1989) as well as by Franz et al. (1990) and confirmed later by various other missions (Blanc et al., 2007; Boeck et al., 1998; Stenbaek-Nielsen et al., 2013; Yair et al., 2003) .
First simulations were performed by Pasko et al. (1995 Pasko et al. ( , 1997 . Using a quasi-electrostatic model, they found that fields induced by +CG lightning significantly energize electrons and produce secondary electrons by ionization laying the basics for the inception and evolution of sprite discharges. Further simulations were subsequently performed by Liu and Pasko (2004) ; Luque and Ebert (2010) ; Liu et al. (2012) ; Kosar et al. (2013) ; Liu et al. (2015) .
A common feature of most simulations is that the charge density of the initial electron-ion patch is a spherical Gaussian although it is known that already a few electrons, or even one single electron, are sufficient to start an electron avalanche and subsequently a streamer discharge (e.g., Li et al., 2008) . The probability of streamer inception from a few electrons is due to the interplay between ionization and attachment: While an electron is accelerated in the ambient electric field, it first reaches the attachment threshold energy before it reaches the energy regime of ionization. If it by chance overcomes the critical energy for attachment, it Figure 1 . The temporal evolution of the electric field induced by a +CG flash at different altitudes. The charge moment change of this particular +CG flash is 458.7 C km within the first 5 ms. The values were calculated in (Qin et al., 2013b) . The dotted lines show 0.8E k and 1E k .
can ionize an air molecule and produce an additional electron. In turn, the primary and secondary electron may again overcome the critical energy for attachment and ionize air. After 18-20 avalanche lengths, known as the the Raether-Meek criterion (Meek, 1940; Raether, 1939) , space charge effects set in, and the electron avalanche turns into a streamer. Hence, the creation of an electron avalanche and of a streamer developing from an electron avalanche is a random process not necessarily fulfilled by one free electron. Thus, it is computationally cheaper to start simulations with a spherical Gaussian seed.
In nature, initial seed electrons for sprite streamers can be provided by local inhomogeneities whose origin is not fully understood yet and is a fundamental problem in itself: These can be trails of meteors (Suszcynsky et al., 1999) or remnants of previous sprite streamers ( Stenbaek-Nielsen et al., 2000) . High-speed camera observations by McHarg et al. (2002) , by Cummer et al. (2006) , and by Qin et al. (2014) have shown inhomogeneities, which are extended vertically instead of being spherical; therefore, we here focus on studying the effects of the initial geometry of such inhomogeneities.
Besides their initial spatial distribution, electrons need to encounter an electric field sufficiently large and for a period long enough to energize them into the energy regime where they can create sufficient ionization and further develop into a streamer with its own self-sustained electric field. At this stage, the electric field at the tips helps to sustain the streamer propagation; however, the development into the streamer mode needs sufficient time. Qin et al. (2013a) have shown that for negative streamers at 75 km altitude the electric field needs to be at least 0.8 times the breakdown field. Figure 1 shows a sketch of an electric field (Qin et al., 2013b) induced by a +CG flash at different altitudes. Although the timescale of electric fields is in the order of milliseconds, the time scale of the fields to be above 0.8 times the breakdown field or even above the breakdown is in the order of milliseconds down to microseconds if at all.
Since sprite streamers form from electron avalanches with space charge effects contributing significantly after 18-20 avalanche lengths, electrons need to encounter the ambient field for a certain period of time.
Considering that the initial electrons come from nonspherical inhomogeneities, we here post the following question: How realistic is the assumption of a spherical Gaussian patch, and how does the growth of the electron density relate to the available time of the ambient field? We here take one step to a more realistic scenario and use ellipsoidal patches with different eccentricity and study the evolution of the electric field and the inception of streamers in mesospheric electric fields and relate this to the streamer inception time. This approach is similar to the one by Kosar et al. (2012) ; however, in their work, they simulate streamers from prolate electron-ion patches in subbreakdown fields only with focus on the streamer speed and brightness during the whole streamer evolution.
Furthermore, after their inception, sprite streamers propagate through air and form visible structures of different shapes, such as carrot sprites, jellyfish sprites, angle sprites, or column sprites (Bor, 2013; McHarg et al., 2002; Pasko et al., 2000; Qin et al., 2013b; Stenbaek-Nielsen et al., 2000; Su et al., 2002 ). An extensive overview of the physics of different morphologies is given in a review paper by Pasko et al. (2013) . But to what extent does the morphology depend on the shape of the initial charged patch?
Apart from the streamer inception and streamer morphology, various authors have studied the air heating and the plasma chemistry associated to sprite streamers. Air heating is a process divided into two different timescales: a fast heating process where energy is transferred from charged to neutral species and a delayed process where energy is transferred through the relaxation from vibrational to translational states (da Silva & Pasko, 2013) . It generates infrasonic acoustic waves, which can be used to detect sprites (da Silva & Pasko, 2014) and enables plasma chemistry such as the production and emission of NO x and its effects on the climate (Armstrong, 2000; Armstrong et al., 2001; Gordiollo-Vázquez, 2008; Rodger et al., 2008; Sentman et al., 2008; Winkler & Notholt, 2014) . Since the efficiency of chemical reactions depends on the heating of streamers, we determine the maximum temperature increase through ohmic heating depending on the initial conditions and its influence on the reaction rates.
KÖHN ET AL. 3084 (Luque & Ebert, 2009) Since sprite streamers initiate between 60 and 80 km altitude, the current work is focused on the inception time and on the properties of sprite streamers at 60 km altitude as a lower limit and at 80 km altitude as an upper limit. However, through scaling laws, our argumentation is general and thus applicable to streamer discharges at different altitudes (see, e.g., Liu & Pasko, 2004) .
In section 2 we describe our model. We recall the Raether-Meek criterion and define the computational domain and how we implement different initial ellipsoidal electron-ion patches. In section 3 we present the streamer inception time as well as the temporal evolution of the electric field, the branching time, and ohmic heating. Finally, we discuss and conclude these results in section 4.
Modeling

The Raether-Meek Criterion: From Electron Avalanches to Streamers
Starting from a single electron, an electron avalanche develops in an ambient field E amb through electron impact ionization of air molecules. Including ionization and diffusion, but excluding space charge effects, the density n 1 e of the electron avalanche in cylindrical coordinates (r, z) becomes (Raizer, 1991) 
e e E amb t (1) after time t. Here we use the same diffusion coefficient D, electron mobility , and effective Townsend coefficient eff as in Luque and Ebert (2009) , summarized in Table 1 .
Once sufficient charge is created; the electron avalanche enters the streamer regime where space charge effects start to play a significant role. Starting from one single electron, the usual assumption is that approximately 18-20 avalanches are needed before an electron avalanche transits into a streamer. Hence, the moment of time of this transition is given through
which is known as the Raether-Meek criterion (Meek, 1940; Raether, 1939) . The characteristic size of the electron avalanche, before the space charge effects set in, is then determined by diffusion and equals to
The Geometry of the Initial Charge Patches
In order to study the inception time and properties of sprite streamers at 60 and 80 km altitude, we have performed numerous simulations initiated from Gaussian electron-ion patches
with z 0 = L z ∕2 and varying n e,0 , r , and z . Figure 2 sketches the initial electron density at 60 km altitude:
We use a cylindrical simulation domain, which is L r = 100 m in r and L z = 200 m in z direction at 60 km altitude and L r = 1,000 m as well as L z = 2,000 m at 80 km altitude, and vary r and z to discuss streamers for (a) spherical, (b) prolate ("cigar"), and (c) oblate ("pancake") electron-ion patches. At 60 km altitude and in a field of 1.5 times the breakdown field, the maximum size (3) of the electron avalanche before space charges become important is ≈ 1.8 m. As a reference simulation, we therefore use a spherical Gaussian with r = z = 1.5 m; as initial density, we choose n e,0 = 5 · 10 11 m −3 as in Liu and Pasko (2004) ; for this particular geometry, the initial electron number is thus N e,0 ≈ 9.40 · 10 12 . However, fixing n e,0 and varying r or z changes the total initial electron number, which successively changes streamer properties, such as the propagation velocity (Luque et al., 2008; Qin et al., 2013a) . This might falsify our interpretation of pure geometric effects; hence, we have additionally performed simulations with the fixed electron number N e,0 rather than with the peak electron density n e,0 . At 80 km altitude, (3) becomes ≈ 19 m; that is why we choose r = z = 15 m as a reference simulation with n e,0 = 5 · 10 10 m −3 and N e,0 ≈ 9.40 · 10 14 .
Setup of the Model
We simulate the motion of electrons in air at 60 and 80 km altitude. We trace individual (super)electrons ) through air with a 2.5D particle-in-cell Monte Carlo code with cylindrical symmetry with two spatial coordinates (r, z) and with three velocity coordinates (v r , v , v z ). We have included excitations of air molecules, elastic collisions of electrons, electron impact ionization, electron attachment, and bremsstrahlung. Additionally, we have implemented the photoionization of air molecules through bremsstrahlung photons and through UV photons emitted by excited nitrogen. More details about the implementation can be found in Chanrion and Neubert (2008) and Köhn et al. (2017) . Due to limited computer resources, we merge individual electrons close in phase space to super electrons. Contrarily, in order to reduce computational noise, we split super electrons, which solely populate one single grid cell. Details about the implementation of the merging and splitting scheme can be found in Chanrion and Neubert (2008) and Köhn et al. (2017) .
The time for the detachment of electrons from oxygen ions can be estimated through (Sun et al., 2014) 
with (Kossyi et al., 1992) k 6 = 2.7 · 10 −10
and where ion ≈ 0.1 m 2 (Vs) −1 is the ion mobility at approximately 60 km altitude, k B ≈ 1.38 · 10
−27 kg is the ion mass, T amb = 247.02 is the ambient temperature at 60 km altitude (www.engineeringtoolbox.com/standard-atmosphere-d_604.html), and E is the electric field. The detachment time t D amounts to approximately 2,447 s for E = 0.5E k , 19 s for E = 1.5E k , 11 ms for E = 3E k , and 15 s for E = 6E k , which is in all cases longer than the simulated time. Since the density and the temperature decrease from 60 to 80 km altitude, detachment is also negligible at 80 km altitude. Thus, detachment does not play a significant role in the interpretation of our simulation results. Figure 3 shows the electron density and the electric field at 60 km altitude after 8.36 s for different initial geometries in an ambient field of 1.5E k for a peak density of n e,0 = 5 · 10 11 m −3 . This corresponds to a total initial electron number of 9.40 · 10 12 for the spherical electron-ion patch and to 3.29 · 10 13 as well as to 1.15 · 10 14 for the prolate and for the oblate patch, respectively. In our simulations, the initial electron-ion patch evolves into a double-headed streamer with negative polarity on the upper side and positive polarity on the lower side. The comparison shows that the streamer fronts move furthest for r ≠ z . This is not surprising since for fixed n e,0 the cigar and pancake patches contain more initial electrons than the spherical one and thus drive the streamer more efficiently through charge separation (Luque et al., 2008; Qin et al., 2013a) . Additionally, Figure 3 shows that increasing the initial charge yields larger radii and larger electric fields at the positive and negative tips as compared to the streamer originating from a spherical patch.
Results
Streamer Development for Different Geometries and Different Initial Amount of Charges
We are left with the question whether the increased fields and velocities are an artifact of the increased initial electron number. To invalidate this possibility, we have run simulations with the same geometries as in Figure 3 , but now fixing the initial electron number to N e,0 = 9.40 · 10 12 . As a supporting information, we have attached a movie file comparing the temporal evolution of the electron density for r = z = 1.5 m and for r = 5.25 m, z = 1.5 m for fixed N e,0 .
For such simulations, Figure 4 shows the electron density as well as the electric field after 8.36 s. We observe the same tendency as in Figure 3 : The streamers have extended further, and the electric field at the tips is more enhanced for streamers from nonspherical Gaussians. However, the spatial extension both in r and z is not as significant as for fixing the peak density n e,0 . Figure 5 shows the electron density at 80 km altitude from a spherical electron-ion patch (a) and from a prolate electron-ion patch (b and c) for a fixed electron density (a and b) and for a fixed electron number (a and c). It illustrates the same tendency that we have observed for streamers at 60 km altitude. Panels (b) and (c) show that streamers from prolate patches develop faster than from spherical patches where fixing the initial electron density, that is, increasing the initial charge, additionally accelerates the streamer motion. Additionally, the comparison of Figures 3 and 4 with Figure 5 illustrates the scaling laws of streamers at different altitudes. Whereas the streamers at 60 km altitude move some tens of meter within some Figure 6 . The on-axis electric field after 8.36 s for the same conditions as in Figures 3a and 4b . In both panels, the left peaks display the positive front, and the right peaks the negative front. Note that for r = z = 1.5 m, the initial density n e,0 = 5 · 10 11 m −3 corresponds to the total electron number of N e,0 = 9.40 · 10 12 .
microseconds, streamers at 80 km altitude move hundreds of meter within tens of microseconds. This factor 10 is approximately the same factor as the ratio between the air density at 60 km altitude and at 80 km altitude.
For better visibility, Figure 6 displays the on-axis electric field after 8.36 s. Panel (a) shows the fronts for fixed n e,0 , and panel (b) for fixed N e,0 . For both cases, the fields are higher in case of nonspherical initial patches. However, this effect is more pronounced for the negative front. After 8.36 s both the positive and negative streamer fronts from the spherical patch moved approximately 40 m and reached an electric field of 5.85E k . In comparison, for fixed n e,0 , the negative fronts from the oblate and prolate patches moved 67 and 81 m and reached field values of 6.2E k and 7.3E k whereas the positive fronts for both geometries moved approximately 85 m and reached field values between 5.6E k and 6.2E k . In all these cases, the amount of initial charge is higher for the nonspherical electron-ion patches; thus, the development is faster, which agrees with earlier simulation results by Luque et al. (2008) . Panel (b), however, shows that we see a similar effect, even though not as apparent, for fixing the initial charge: Here the negative fronts from oblate and prolate patches moved 54 and 63 m and reached field values of 6.8E k and 7.7E k whereas the positive fronts moved 65 m and reached field values between 7.1E k and 7.5E k . In first approximation, we can compare these results for early time steps with an analytic solution for the electron density neglecting space charge effects. Since equation (1) only gives the electron density originating from one single electron, we convolve the electron density (1) with the initial electron density (4) used in our simulations and obtain the electron density for early time steps:
where erf(x) = 2∕ √ km. Both panels show that the electron density from oblate patches grows larger than the electron density from spherical patches. In addition, the width of the density from the oblate patch is wider than for the density from the spherical patch. This is in agreement with our simulation results. The peak density of the electron density from the prolate patch does not grow as significantly but has a larger width due to its initial condition. As for our simulations from the oblate patch, this is in agreement with our simulation results. Note that the analytic solution (11) does not take into account the buildup of space charges, the subsequent field growth, and the feedback onto the growth of the electron density and thus differs quantitatively from our simulation results, yet there is an overall qualitative agreement.
At 60 km altitude, we have also performed simulations in a low ambient field of 0.5E k , but we have not observed any inception or significant development of streamer channels within approximately 100 s; instead, only a few electron avalanches form. Figure 8 shows the on-axis electric field for two spherical patches with different size. For a fixed electron density n e,0 = 5 · 10 11 m −3 we have observed that the electric field has reached values above 1E k for r = z = 1.5 m and for r = z = 5.25 m at the positive front; the field is slightly higher in the latter case. Contrarily, the peak field on the negative front is well below breakdown in both cases.
However, if we fix the initial electron number, we have observed that the field at the positive tip for the case r = z = 5.25 m is approximately 0.6E k , thus significantly below breakdown. This is consistent with developments of streamers in subbreakdown fields discussed by Sun et al. (2014) : At the positive tip the field is focused (Liu & Pasko, 2004; Luque et al., 2008) ; thus, more likely to reach breakdown field strengths than on the negative front. Yet, if the initial electron-ion patch is scaled up without increasing the initial electron number simultaneously, the growth of the electric field is damped. Thus, there are two competing conditions such that the streamer inception depends on the interplay between the size of the patch and the initial charge: The larger the initial electron-ion patch is for a fixed initial electron number, the slower the field grows whereas increasing the initial electron number facilitates the growth of the electric field at the positive front and results in a similar field evolution as for small electron-ion patches.
Electric Field
The development of electron avalanches and the eventual formation of streamer channels as well as branching time and ohmic heating significantly depend on the temporal evolution of the electric field. Here we discuss the electric field evolution for different patch geometries. For fixed n e,0 = 5 · 10 11 m −3 , Figure 9a shows the time E for the field to reach 1.5E amb = 2.25E k and 3.7E amb ≈ 5.5E k as a function of r ∕ z for r = 1.5 m as well as the time to reach 2.25E k for r = 5.25 m at 60 km altitude. While for both polarities the time E=5.5E k to grow up to 5.5E k increases monotonically with r ∕ z , the time E=2.25E k evolves nonmonotonically: First, E=2.25E k decreases until it reaches its minimum at approximately r ∕ z ≈ 1 for r = 1.5 m and for approximately r ∕ z ≈ 3 for r = 5.25 m before it increases again for increasing r ∕ z . Figure 9b shows E as in panel (a), but now for fixed N e,0 instead of fixed density n e,0 . While the minimum of E=2.25E k is taken for r ∕ z ≈ 1.5 − 3 for both r = 1.5 m and r = 5.25 m instead of for r ∕ z ≈ 1 for fixed n e,0 , the overall trend for E as a function of r ∕ z is the same irrespective of the initial electron number. Panels (c) and (d) show the same as in panels (a) and (b), but those simulations were performed with a different set of random numbers. We observe the same tendency as in panels (a) and (b), which excludes that the presented results are due to numerical random noise.
Panels (e) and (f) show E=2.25E k and E=5.5E k for r = 15 m at 80 km altitude. We here observe the same tendency as at 60 km altitude. For E = 2.25E k the rise time is fastest for almost spherical electron-ion patches whereas the E=5.5E k grows linearly with r ∕ z .
To understand why E=2.25E k is large for r ∕ z ≲ 1 or r ∕ z ≳ 1 and why E=5.5E k increases monotonically, we regard the temporal evolution of the maximum electric field E max . Figure 10 shows E max for r = 1.5 m and different r ∕ z at 60 km altitude for fixed density (a) and fixed initial charge (b); we here identify three regimes: For t ≲ 3μs (regime one) the electric field strength and its slope are largest for high ratios of r ∕ z . This behavior changes at t ≈ 3 s. For time steps ≳ 3μs and ≲ 8 − 9 μs (regime two) the slope of the electric field strengths increases more strongly for small ratios of r ∕ z and subsequently E max for small r ∕ z exceeds E max for large r ∕ z . Finally, for time steps larger than approximately 8 − 9 s (regime three) the field of all considered simulations tends to 6 − 8E k independent of the ratio r ∕ z and of the initial electron number.
The field strength 2.25E k lies in the transition region between regimes 1 and 2; because of the changing slope, the electric field reaches 2.25E k (lower dotted line) fastest for r ∕ z ≈ 1 and is delayed for r ∕ z ≲ 1 or r ∕ z ≳ 1. In contrast to the early time steps, the field subsequently grows faster for small ratios of r ∕ z . High field strengths are reached earlier for low ratios of r ∕ z (upper dotted line shows 5.5E k ); hence, E=5.5E k increases with r ∕ z . In all considered cases, a peak value of approx. 6 − 8E k is reached irrespective of whether we keep n e,0 or N e,0 constant. Thus, the dependence of E is affected not only by the available charge but also by the geometry of the initial electron-ion patch.
The transition from sole electron avalanches into streamer discharges strongly depends on the evolution of the electric field. Without field growth, the ionization rate does not increase, and subsequently, there is a lack of space charge driving the streamer discharge further (Ebert et al., 2006) . Since E=5.5E k increases monotonically as a function of r ∕ z , we expect also the avalanche-to-streamer transition to occur fastest for prolate electron-ion patches. Figure 11 . The electron density (n e,0 = 5 · 10 11 m −3 , E amb = 1.5E k ) at 60 km altitude for different r and z after different time steps. In all these simulations, branching occurs.
Branching Time
During the simulations, we have observed branching for some particular values of r and z . Figure 11 shows some examples of branching at 60 km altitude for various initial conditions. We here remind the reader that we use a 2.5D Monte Carlo particle code with cylindrical symmetry. Hence, any deflection from the symmetry axis indicates branching of the streamer channel into annular structures. Although these annular structures imposed by the code after branching are not physical, the branching time is. Here we determine the branching time and the spatial distribution of the electron density briefly after branching. Figures 11a and 11b depict the electron density for r = 10.5 m and z = 1.5 m as well as for r = 10.5 m and z = 5.25 m. In these simulations, the negative front branches more easily than the positive one. On the contrary, panel (c) shows an example where the negative front does not branch, but instead, the positive one does. Panel (d) shows the electron density for streamers from a radially infinitely extended electron-ion patch, that is, r → ∞; in this case circular structures on both fronts form quickly after the inception. Furthermore, panel (d) shows that, unlike for r ≲ 5 m, there is no formation of one single channel, but several structures appear simultaneously on both streamer sides for r → ∞. Note that the 2.5 code only allows us to determine if and when branching occurs; however, since the code loses its validity after branching, the density depicted in Figure 11d is not quite physical. Nonetheless, we have continued the simulation for better visibility.
Branching occurs by proximate charges repelling each other. This effect is more prominent if the total charge is enhanced over a larger region. Figure 12 shows the time B until the first branching of the negative streamer front as a function of r ∕ z for r = 10.5 m. In the multitude of simulations, we have observed branching only for r = 10.5 m and only for a few z . That is why we here plot only a few data points. The plot shows that branching occurs significantly later for large values of r ∕ z , which results from the electric field evolution. As we have discussed in section 3.2, the electric field evolves more slowly for large r ∕ z , thus decelerating the ionization of ambient air and delaying the occurrence of branching.
Temperature Increase and Plasma Chemistry
During the formation of streamers, electrons interact with air molecules and increase their temperature through ohmic heating. Heating involves fast processes, that is, the energy transfer from charged to neutral particles, and the delayed transfer from rotational to translational states (da Silva & Pasko, 2013) . We therefore concentrate on an estimate based on the current of electrons through the channel. Since part of their energy is transferred to excitations, we here can only give an estimate of the maximum temperature increase
where ≈ 0.4476 · 10 −3 kg m −3 is the approximate mass density of air at 60 km altitude, ΔV is the volume of each grid cell, and c p ≈ 1 J·g −1 ·K −1 is the specific heat capacity of air. The total energy of electrons released to ambient air is given through
where j is the current density of electrons in the field E.
The solid line in Figure 13a shows ΔT max as a function of time for n e,0 = 5 · 10 11 m −3 , r = z = 1.5 m (N e,0 = 9.40 · 10 12 ), and E amb = 1.5E k at 60 km altitude. It shows that the maximum temperature increase ΔT max ranges from approximately 1 K to 0.1 K at the end of the simulation. As a comparison, the dotted line shows the temporal evolution of the temperature for the same peak density n e,0 , but for r = z = 5. Panel (b) shows that in comparison to streamers from spherical electron-ion patches, the temperature increase is larger for streamers from prolate and smaller for streamers from oblate patches. This trend is confirmed by the time derivatives (c); for oblate streamers, the derivative and thus the temperature increase is smaller while it becomes larger for prolate streamers. Although we here only simulate the early stages of the streamer evolution and hence of air heating, the time derivatives in panel (c) suggest that the difference in heating for different geometries continues for larger time steps. We here point out that at the end of the simulations, we see boundary effects leading to a sudden increase of the derivatives. Nonetheless, this does not affect our interpretation of the time evolution of ΔT max during the streamer motion.
The early variations in the temperature increase also affect the plasma chemistry of sprite streamers . As a result of the electron motion and the electric field amplification, streamers leave behind a large population of ions as well as of dissociated and excited neutrals (Gordiollo-Vázquez, 2008) , enabling chemical reactions among the constituents of air and their derivatives, that is, mainly of nitrogen and oxygen. Sentman et al. (2008) give a very detailed compilation of reactions collected from various references.
According to Arrhenius' equation, the rate coefficients k of chemical reactions can be described through k = A·(T∕300) B ·exp(C∕T) with constants A, B, and C; hence, the efficiency of reactions significantly depends on the ambient temperature. As an example, we take the reaction O Sentman et al., 2008) at an altitude of 60 km, thus at an ambient temperature of T amb = 247.02 K (www.engineeringtoolbox. com/standard-atmosphere-d_604.html). Then, with T = T amb + ΔT max , it is k(ΔT max = 10 −1 K) ≈ 10 −14 cm 6 s −1 and k(ΔT max = 10 1 K) ≈ 2 · 10 −14 cm 6 s −1 ≈ 2 · k(ΔT = 10 −1 K); thus, the reaction is less effective for small temperatures and consequently for initial streamer geometries favoring a small electric field amplification and heating process. Similarly, the efficiency for the production of nitrogen oxides (e.g., reactions 59, 60, 70, 72, and 73 in Sentman et al., 2008 ) is 1.5-2 times larger for 10 K than for 0.1 K. 
Discussion and Conclusions
We have investigated the inception of streamer discharges and streamer properties for spherical, oblate (pancake), and prolate (cigar) initial electron-ion patches with peak densities of 5 · 10 10 − 5 · 10 11 m −3 or with an initial electron number of 9.40 · 10 12 − 9.40 · 10 14 in ambient fields of 0.5E k and 1.5E k , and hence, we have estimated the effect of the shape of local electron inhomogeneities developing into sprite streamers.
For E amb = 1.5E k , we have calculated the temporal evolution of the electron density for different geometries. We have seen that the streamers develop faster for oblate and prolate streamers. Although this effect is more prominent when fixing the initial electron density, we have observed that the accelerated streamer fronts result from the different geometries of the initial electron-ion patch. We have also presented an analytical approximation, without space charge effects, and seen a good qualitative agreement.
Furthermore, we have calculated the temporal evolution of the electric field as a function of r ∕ z and seen that the time of the field to grow up to 5.5E k is fastest for streamers from prolate electron-ion patches. Whereas the electric field needs approximately 6 s at 60 km altitude and approximately 50 s at 80 km altitude to reach 5.5E k for prolate patches, this time increases for more oblate electron-ion patches. Previous calculations (Qin et al., 2013b) and high-speed videos (Cummer et al., 2006; Stenbaek-Nielsen et al., 2013) have shown that the time to generate quasi-stationary fields in the mesosphere and ionosphere, and of the early stages of streamer development, are in the order of several microseconds to tens of microseconds: Cummer et al. (2006) have observed streamer inception between 60 and 70 km altitude within tens of microseconds; Stenbaek-Nielsen et al. (2013) observed streamer inception at 66 km altitude within 150 s. Thus, a prolate electron-ion patch, which minimizes the field growth time, facilitates the growth of the electric field and as such also the streamer inception.
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For E amb = 0.5E k , we have not observed any avalanche-to-streamer transition within approximately 100 s. But even for such low fields, we have observed an effect of the size and eccentricity of the initial electron-ion patch: For a constant initial electron number, smaller electron-ion patches favor the growth of the electric field at the positive front and thus facilitate the streamer inception.
Once streamers have formed, we have calculated the dependence of the branching time and ohmic heating for several initial geometries. High-speed imaging of sprite streamers (Stenbaek-Nielsen et al., 2013) has shown that branching happens within several microseconds, which is in the same order of magnitude as we have found in our simulations. For r = 10.5 m, we have observed that the branching time increases with increasing r ∕ z . Hence, the geometry of the initial electron-ion patch can partly explain the speed of branching and thus the different formation of column sprites and angle sprites resulting from different branching times. Our findings coincide with submillisecond imaging of sprites (Cummer et al., 2006) , illustrating that sprites from cigar-like patches branch more quickly than sprites from a more pancake-like structure.
Not only do visible structures depend on the initial geometry but also does ohmic heating. Although additional energy losses such as excitations prevent us from determining the exact temperature increase induced by ohmic heating, we estimate that streamers of different geometries heat ambient air between some microkelvins and tens of kelvins. Whereas temperatures increase faster for streamers from prolate patches, they grow less significantly for streamers from oblate patches. Consequently, this has implications on the plasma chemistry: The initiation and the progression of chemical reactions depend on the temperature, and so does the plasma chemistry inside plasma channels. Hence, the variation of ohmic heating as a result of varying the initial patch geometries might change the production rate of chemical compounds such as nitrogen oxides.
Conclusively, our simulations have demonstrated that not only the ambient field and the available charge but also the spatial distribution of the initial charge has a significant effect on the temporal evolution of the electric field and thus on the inception and evolution of streamer channels as well as on branching and ohmic heating. We thus suggest that future streamer simulations might consider the initial geometry more carefully in order to understand these streamer related properties. This is of particular interest when comparing simulations with observations of sprites originating from nonspherical inhomogeneities, where it is thus not sufficient to start simulations from spherical electron-ion patches.
